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Abstract
In this thesis we theoretically model a continuously pumped atom laser using
the mean-field description. We find that it is unstable below a critical scattering
length. Above the critical scattering length, the atom laser reaches a steady state,
the stability of which increases with pumping. Below this limit the atom laser does
not reach a steady state. We show that this instability results from the competition
between gain and loss for the excited states of the lasing mode, and show how
the nonlinearities stabilise the system. The requirement for a minimum scattering
length will determine a fundamental limit for the linewidth of an atom laser beam.
We propose a method of stabilising the system below the critical scattering length
and investigate its effectiveness.
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CHAPTER 1
Introduction
1.1 Overview of this chapter
In this chapter, we briefly introduce some of the history and principles of atom
optics, Bose-Einstein condensation, optical lasers and atom lasers. We then give an
outline of the rest of this thesis.
1.2 Atom Optics
One of the major conceptual revolutions introduced by quantum mechanics is
doing away with the distinction in classical mechanics between waves and particles.
The seeds of this revolution were planted by Einstein and Planck, who postulated
the existence of light quanta and introduced the wave-particle duality for light. This
inspired de Broglie to postulate that matter particles could be thought of as waves
of energy E = p
2
2M
and wavelength λ = h
p
, where p is the particle momentum, M is
the mass, and h is Planck’s constant [1].
The wavelike nature of atoms was first demonstrated in 1929 by Stern, who
observed atomic diffraction in scattering from crystaline surfaces [2]. The practical
applications of matter wave techniques such as interferometry, have largely been
concerned with electrons and neutrons, for uses such as electron microscopy. It is
only in the last 20 years that the wave-like nature of atoms has been of practical
interest, with the development of laser cooling enabling the wavelength of atoms
to be increased to a useful size [3]. This was the birth of the field known as ‘atom
optics’. Since then, atomic waves have been reflected, focused, diffracted and used in
interferometers. As cooling techniques improved and de Broglie wave-packets began
to overlap, these experiments moved into the regime of nonlinear and quantum atom
optics, with the experimental realisation of Bose-Einstein condensation leading to
unprecedented coherence in a matter wave source. An atom laser would produce a
bright, coherent, monochromatic source of atoms analogous to an optical laser. The
development of a continuously operational atom laser would drastically improve our
source of matter waves, doing for the field of atom optics what the optical laser did
for photon optics.
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1.3 Bose-Einstein Condensation
The concept of the atom laser is centred around the theory of Bose-Einstein
condensation. It is interesting to note that a theory that is today pushing the
boundaries of quantum mechanics predates the Schro¨dinger equation. In 1924,
Bose proposed that photons were indistinguishable particles, whose wave functions
must be symmetric under exchange of any pair of particles. Bose’s primary motive
for this was to explain the Planck radiation law, but while doing so he introduced
the idea of “Bose statistics”. Shortly after, Einstein, inspired by de Broglie’s matter
wave theory, proposed that a system of massive particles with integer spin should
obey similar statistics, with the Bose-Einstein distribution function [4] for a system
of N noninteracting particles, where the mean number of particles in the ith energy
state is
ni =
[
exp
[(i − µ)
kBT
]− 1]−1 (1.1)
This expression only makes sense if µ, the chemical potential, is smaller than the
lowest possible energy level. This distribution function predicts that below a cer-
tain temperature, the lowest possible single particle energy state becomes macro-
scopically occupied. For N noninteracting particles, in a volume Ω, this critical
temperature is
Tc =
2pi~2
kBM
[ n
ζ(3/2)
]2/3
≈ 3.3 ~
2
kBM
n2/3 (1.2)
Where n ≡ N
Ω
is the number density, and ζ is the Riemann zeta function. Below this
critical temperature, a finite fraction N0 = N
[
1− (T/Tc)3/2
]
of the total number of
particles would occupy a single one-particle state. This is the regime of quantum
degeneracy, where the particles act as a quantum fluid and any resemblance to a
classical distribution of particles is long gone. The first application of this theory
to the real world was in 1938 when superfluidity was discovered in liquid helium at
temperatures below 2.17 K. London proposed that below this critical temperature
the liquid helium was displaying Bose degeneracy, and acting as a quantum fluid.
Over the next few decades, a rich and diverse theoretical framework was developed
to describe the properties of these quantum fluids. Some of the approaches used in-
cluded using a macroscopic wavefunction approach, and a two-fluid hydrodynamics
theory based on quasi-particles [5]. However, it was Bogoliubov who successfully
applied second quantisation to quantum fluids [6], which led to analogies between
condensed matter physics and the BCS theory of superconductivity [7]. Using Bo-
goluibov’s theory, Pitaevskii developed the now famous Gross-Pitaevskii equation,
which describes the evolution of a macroscopic wavefunction [8, 9]. The enormous
theoretical framework that had been developed should have meant that experiments
to investigate the validity of these theories and our knowledge of many-body quan-
tum theory were possible. However, this was not the case, as it was difficult to even
prove conclusively that BEC had even occurred in liquid helium. The advent of
laser cooling and trapping led to the realisation that BEC could be achievable in a
dilute alkali gas. Much of the theoretical work was complicated by the inter-particle
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interactions of liquid helium, so many of the theories were already developed using
an idealised (and at that stage, fictitious) weakly interacting Bose-condensed gas.
The experimental realisation of BEC [10] in a dilute atomic gas demonstrated
the creation of a gaseous quantum fluid, with properties that differ from superfluid
4He and 3He. It also demonstrated the quantum limit for controlling the motion of
a particle, with the position and momentum limited only by the Heisenberg uncer-
tainty principle. Bose-Einstein condensation in dilute atomic gas can be described
theoretically from first principles, so it is a valuable testing ground for many-body
quantum theory. Perhaps the most exciting aspect of the creation of BEC is the
dramatic demonstration of a macroscopic de Broglie wave, some 70 years after they
were first postulated. Optical phenomena such as interference [11], four-wave mixing
[12] and even amplitude squeezing [13] have already been observed in BEC.
1.4 Important properties of an optical laser
The important components of an optical laser are a pumping process, a res-
onator, and an output coupling mechanism. The pumping process replenishes the
light lost from the resonator through the output beam. Figure 1.1 shows a simple
pumping mechanism for an idealised laser.
|g 
|1
|2
L
a
s
i
n
g
 t
r
a
n
s
i
t
i
o
n
P
u
m
p
i
n
g
 M
e
c
h
a
n
i
s
m
Lasing mode
Figure 1.1: Simplified gain mechanism for an optical laser. The atoms are
pumped to an excited electronic state |2〉, where they undergo a stimulated
transition to state |1〉, creating a photon in the lasing mode. The atom in
state |1〉 decays via spontaneous emission to the ground state. As there is no
population inversion between |1〉 and |g〉, there is no gain in this process.
The pumping mechanism excites the gain medium to an excited electronic state
(state |2〉) creating a population inversion. The population inversion means that
there are more atoms in state |2〉 than state |1〉. Photons in the lasing mode cause
stimulated emission from state |2〉 to state |1〉 at a rate proportional to the number
of photons in the lasing mode. This acts as a source of coherent amplification of
the lasing mode. A photon in the lasing mode can also be absorbed by an atom
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in state |1〉 exciting the atom to state |2〉. Thus the gain in the lasing mode is
proportional to the difference in populations between the two excited states. An
important property of this gain process is that it is saturable. Driving the laser to
saturation leads to suppression of amplitude fluctuations, and a phenomenon known
as linewidth narrowing. This means that increased pumping has a twofold effect on
the spectral flux of a laser. The total power of the output beam is increased, and
the linewidth is narrower, leading to higher spectral flux.
The resonator is an optical cavity, with the lasing mode an eigenmode of the
cavity. The light is coherently amplified in the cavity due to the property of Bose
enhancement, where bosons (photons) stimulate the production of more bosons in
the same mode. One mirror of the cavity is partially transparent, allowing some
light to tunnel out forming a bright, directed coherent beam.
1.5 Important properties of an atom laser
The physics of a BEC is in many ways very similar to an optical laser. Both
have a single mode of a resonator (cavity for the laser, atomic trap for the BEC)
macroscopically occupied by bosons in a single quantum mode. This results is a
coherent wave in both systems. Figure 1.2 shows the similarities between an optical
laser and a BEC.
Coherent matter wave
Coherent light wave
Upper trap level Upper laser level
Bose enhanced transition
Ground trap state Lasing mode
BEC Optical laser
Figure 1.2: Diagram showing comparison between a BEC and an optical laser.
The evaporative cooling process used to create a BEC is a Bose-enhanced
mechanism, similar to the gain in an optical laser.
By adding a pumping mechanism and an output coupling mechanism to our
BEC, we would have what we refer to as an atom laser, in analogy with an optical
laser. The output coupling mechanism in an atom laser differs from an optical laser,
as the rate of tunneling out of an atomic trap is too low to be useful. A way around
this problem is to couple the atoms out of the trap by changing their internal state,
so that they are free to fall under the influence of gravity. This has been demon-
strated experimentally using Raman transitions [14] and radio frequency transitions
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[15]. In the case of Raman transitions, the atoms can be given a momentum kick, so
that the beam can be pointed in any direction. A continuous pumping mechanism
for an atom laser would require atoms to undergo a stimulated irreversible transi-
tion to the condensate. Such a mechanism has not yet been developed, but likely
candidates include evaporative cooling [16] and optical dark-state cooling [17]. A
continuously pumped atom laser would produce a beam with a linewidth, which is
orders of magnitude narrower than current non-pumped atom lasers.
While the similarities between atom lasers and optical lasers are important,
the fundamental differences are also significant. Atoms are accelerated by gravity,
and can travel at any speed, not just c, and can therefore have a more adjustable
wavelength (atoms can have a wavelength much shorter than any optical laser so
far developed). Atoms interact with each other, making the vacuum a nonlinear
medium, but the strength of this interaction can typically be manipulated using
Feshbach resonances [18]. The lasing mode of an atom laser is the ground state of
the trap, where as the lasing mode of an optical laser typically occupies a much
higher cavity mode.
1.5.1 The theory of atom lasers
The approaches used to describe an atom laser theoretically can be categorised
into three classes: rate equation models, semiclassical (mean-field) models, and
quantum models.
Rate equations models describe how the state populations evolve in time. These
equations describe the Bose-enhancement process, and can be used to predict steady
state conditions. They do not contain any information about the wave-like be-
haviour and quantum mechanical coherence between states, and thus are unable to
properly describe the quantum mechanical coherence properties of an atom laser.
The mean-field approach describes the lasing mode (condensate) and output
beam by macroscopic wavefunctions, obeying equations similar to the Gross-Pitaevskii
equation [19]. This is the equivalent of describing an optical laser by a classical
electric field. Additional terms can be added to describe the pumping and output
coupling. This approach describes the multi-mode behaviour of the atom laser, as
well as the nonlinear dynamics. A limitation of this method is that it assumes that
the field is a coherent state, so the quantum coherence of the output cannot be
calculated.
The full quantum theory of an atom laser, beginning with the Hamiltonian for
the field operators, describes the full quantum statistics of the system. As for an
optical laser, if the lasing system can be accurately described as single mode, then
the quantum statistics of that mode control the linewidth of the output beam.
Single (or few) mode quantum theories have been used to describe continuously
pumped atom lasers [20, 21, 22]. However, these models assume that the output
coupling is Markovian, and it was shown by Moy et al. [23] that this assumption
was invalid. Hope [24] modelled a non-Markovian atom laser by ignoring inter-
atomic interactions, and showed that gravity is necessary to prevent the buildup
of a bound state which would prevent the system reaching steady state. A fully
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quantum mechanical multi-mode atom laser has not yet been modelled. Such a
model would describe the complete dynamics of the system and determine whether
it is possible to produce a stable, gain-narrowed continuously operational atom laser,
and determine the fundamental limits and optimal operating conditions for an atom
laser.
The focus of this thesis is on the mean-field approach, but a significant aim of
this work is to develop a stable model to extend it to a fully quantum multi-mode
model. More specifically, it is to obtain a stable multi-mode model of an atom
laser, without including three-body interactions, since the likely approach for the
quantum multi-mode model, the stochastic Gauge-P [25, 26] method, cannot deal
with three-body interactions.
1.6 Overview of this thesis
In Chapter 2 we introduce our atom laser model and the theory needed to
describe it. We introduce the Gross-Pitaevskii equation and the complete set of
equations describing our model.
In Chapter 3 we numerically investigate the stability of our atom laser model,
and show that increased pumping causes a reduction in noise. We then explore
how altering the strength of the atom-atom interactions affects the system, and
discover surprisingly that, when the interactions are minimum and the system most
resembles an optical laser, the system becomes unstable.
In Chapter 4 we analytically show why the linear atom laser system becomes
unstable, and suggest how the atom-atom interactions stabilise the system.
In Chapter 5 we classify the different types of behavior displayed by the system,
and numerically investigate the regions of stability of the system.
In Chapter 6, we propose a method of stabilising the system by introducing a
mode-selective pumping mechanism, and investigate its effectiveness.
The the major results of Chapters, 3, 4 and 5 were published in [27].
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CHAPTER 2
The One-Dimensional Gross-Pitaevskii
model of an Atom laser
2.1 Overview of this chapter
In this chapter, we introduce the Gross-Pitaevskii equation, and discuss it as a
tool for describing the atom laser. We then introduce our atom laser model, and
the equations we use to describe it.
2.2 Introduction
An atom laser, like an optical laser, is inherently a many-body quantum system.
The most general and accurate way to describe such a system is by using quan-
tum fields, with the commutation relations of the field operators ensuring that all
the fundamental laws of quantum systems are met. However, this fully quantum
mechanical description of the atom laser is extremely difficult to work with, so the
focus of this thesis is on using the ‘mean field’ approximation, which is much sim-
pler to apply. In this approach, we approximate the entire condensate as a single
wave function obeying the ‘Gross-Pitaevskii’ equation. Quantum effects such as the
linewidth and coherence of the atom laser cannot be described by this model, but
it does describe the multi-mode wave-like nature of the atom laser [9].
Our model is based on the model by Kneer et al., which was further developed
by Robins, [28] [19]. The main components of the atom laser are the Bose-Einstein
condensate which acts as the lasing mode, an output beam which is coupled to
the lasing mode via a reversible transition, analogous to photons tunneling out of
an optical cavity, and a pumping mechanism that replenishes the condensate. The
outcoupling mechanism transfers the atoms to an untrapped state, so that they are
free to fall under the influence of gravity and also imparts a momentum kick to the
atoms. In practice, this could be achieved using a Raman transition.
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2.3 Mean Field Description of the Lasing Mode and Output
Beam
The trapped condensate and the output beam is well described by the Gross-
Pitaevskii equation. We will begin by introducing the Gross-Pitaevskii equation,
and then showing the complete set of equations for the system. We will follow
closely the method of Ballagh and Savage [29].
In many-body quantum theory, the wavefunction of a system of bosons must
be symmetric under interchange of any pair of particles. We can deal with this by
introducing the boson field operator ψˆ(r) and its Hermitian conjugate ψˆ†(r), defined
by the commutation relation
[
ψˆ(r), ψˆ†(r′)
]
= δ(r− r′) (2.1)[
ψˆ(r), ψˆ(r′)
]
= 0 (2.2)
These commutation relations automatically ensure that the symmetrisation require-
ment is met. ψˆ(r) is interpreted as being the ‘annihilation operator’, which annihi-
lates a particle at the point r, and ψˆ†(r) as being the creation operator, creating a
particle at point r. The second quantised Hamiltonian has the form
Hˆ =
∫
ψˆ†(r)H0ψˆ(r)d
3r +
1
2
∫ ∫
ψˆ†(r)ψˆ†(r′)V (r, r′)ψˆ(r′)ψˆ(r)d3r′d3r (2.3)
where H0(r) ≡ − ~22M∇2+V (r) is the ordinary one-body Hamiltonian (kinetic energy
plus external potential energy) and V (r, r′) is the interaction potential of a pair of
particles. It is important to note that ψˆ(r) and ψˆ†(r) are operators, operating on
a field, and are therefore fundamentally different from the single particle wavefunc-
tion. We can investigate the time evolution of these operators by examining the
Heisenberg equation of motion for operators:
i~
dψˆ(r)
dt
= [ψˆ(r), Hˆ] (2.4)
Using the commutation rules, this becomes
i~
dψˆ(r)
dt
= H0ψˆ(r) +
∫
ψˆ†(r)V (r, r′)ψˆ(r′)d3r′ψˆ(r) (2.5)
In a dilute low temperature alkali gas, the effective interparticle potential is due
to s-wave scattering collisions. For a more detailed description refer to [9]. The
effective range of this potential is much less than the interparticle separation, and
the de Broglie wavelength. We will therefore take the atom-atom interaction to be
V (r, r′) = U0δ(r− r′), U0 = 4pi~
2a
M
(2.6)
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where M is the mass of a particle, and a is the s-wave scattering length. Using this
potential in 2.5 gives
i~
dψˆ(r)
dt
=
(
H0(r) + U0ψˆ
†(r)ψˆ(r)
)
ψˆ(r) (2.7)
Because BEC occurs when the occupation of one state is large compared to all
others, it is useful to write the field operator as ψˆ(r) = ψc(r) + ψ˜(r) [30], where
ψc(r) ≡ 〈ψˆ(r)〉. ψc(r) is sometimes called the order parameter, or alternatively
the macroscopic wavefunction for the condensate. We assume that the system is in
a coherent state, which allows 〈ψˆ(r)〉 to be finite. We identify ψc(r) as the wave
function for the condensed fraction and is normalised to N , the total number of
atoms in the condensed fraction. Taking the expectation value of 2.7 gives
i~
d〈ψˆ(r)〉
dt
= H0(r)〈ψˆ(r)〉+ U0〈ψˆ†(r)ψˆ(r)ψˆ(r)〉 (2.8)
Using the definition of ψc in 2.8 gives
i~
dψc(r)
dt
=
(
H0(r) + U0|ψc(r)|2
)
ψc(r) (2.9)
+U0
[〈ψ˜ψ˜〉ψ∗c + 2〈ψ˜†ψ˜〉ψc + 〈ψ˜†ψ˜ψ˜〉]
By assuming that most particles are in the condensed fraction, we can neglect all
the terms in the square brackets. We are left with the famous Gross-Pitaevskii
equation.
i~
dψc(r)
dt
=
(
H0(r) + U0|ψc(r)|2
)
ψc(r) (2.10)
2.10 is a nonlinear Schro¨dinger equation, which usually requires a numerical solution.
2.4 The Model
Our atom laser is based on the model by Robins [19], but including realistic
experimentally measured losses, including one-body and two-body losses. A BEC
is formed in a quadratic potential, which is ‘pumped’ by being surrounded by a
thermal cloud of atoms, which replenish the condensate. Some of the atoms in the
BEC undergo a transition to an untrapped state, which also imparts a momentum
kick to the atoms, which is in the same direction as gravity. Since the atoms are
untrapped, they can fall freely under gravity. Gravity is essential to the model,
as it is necessary to prevent the build up of a bound state [24]. Our model uses
two coupled Gross-Pitaevskii like equations, one to describe the condensate (lasing
mode), and the other to describe the output beam. We use the notation ψa and
ψb to represent the macroscopic wavefunctions of the lasing mode and output beam
respectively.
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2.4.1 The Trap
In our model, the lasing mode (condensate) is contained in a quadratic magnetic
potential. This trapping potential is described mathematically by
Va(r) =
1
2
M(ω2xx
2 + ω2rr
2) (2.11)
where ωx is the trapping frequency in the longitudinal (vertical) direction, and ωr
is the trapping frequency in the radial direction. We choose ωx = 50 rad s
−1 and
ωr = 200 rad s
−1 as experimentally realistic values [31]. We can approximate our
system as one dimensional if we assume that the width of the condensate in the radial
direction (strong trapping direction) is much less than the width in the x direction.
We assume that in the radial direction the system in the ground state wavefunction
of the harmonic oscillator. We then divide through by the cross sectional area (radial
area) to make all our parameters one-dimensional. The output beam (untrapped
condensate) will fall under the influence of gravity, so it is subject to the potential
Vb(r) = Mgx (2.12)
2.4.2 Loss Mechanisms
The equation in the preceding section does not account for loss from the system,
so is therefore unrealistic. We know that atoms are lost from the condensate by three
processes. The first is collisions with the background gas, and is entirely dependent
on the quality of the vacuum. We will refer to this mechanism as one-body loss
because an atom can be lost without interacting with any other condensate atoms.
The second mechanism is when two atoms collide and undergo an inelastic col-
lision, which will change the internal state of at least one atom, where it will no
longer be in a trapped state. In order to conserve momentum, the other atom will
gain kinetic energy and also be lost from the trap. The loss rate of this mechanism
is proportional to the square of the number density. We will refer to this mechanism
as two-body loss.
The third mechanism for loss from a BEC is by three-body recombination. This
is when two atoms combine to form a molecule, and in order to conserve momentum
and energy, a third atom is involved to carry away some kinetic energy. In practice
this process is the dominant form of loss, and the density of a BEC is usually
increased until it is limited by the three-body recombination. These three loss
processes can be determined experimentally by measuring the size of a condensate
as a function of time and fitting decay curves to the data [32, 18]. We can account for
these processes in our Gross-Pitaevskii equation by including a phenomenological
loss term.
i~
dψ(r)
dt
=
(
H0(r) + U0|ψ(r)|2
)
ψ(r) + Hˆlossψ(r) (2.13)
Hˆlossψ ≡− i~
(
γ1ψ + γ2|ψ|2ψ + γ3|ψ|4ψ
)
(2.14)
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where γ1, γ2 and γ3 are the one-body, two-body and three-body loss coefficients
respectively. The stochastic method used to solve the fully quantum mechanical
model cannot deal with three-body interactions, so we will neglect the three-body
interactions in our semi-classical model. For the assumption of neglecting the three-
body loss to be valid, it has to be small compared to the two body loss:
γ2|ψ|2  γ3|ψ|4 ⇒ |ψ|2  γ2
γ3
(2.15)
Since the three-body loss is the dominant form of loss at high densities, the simu-
lation must be performed at low densities where the two-body loss is the dominant
form of loss. In our system, we have used 85Rb atoms near Feshbach resonance [18],
where the three-body loss is very small, so the two-body loss is the dominant form
of loss at the density range we are using.
2.4.3 The Pumping
The gain into the lasing mode is an important component to our model, not only
because it replenishes atoms lost through the output beam, but like an optical laser,
we expect increased gain to produce a phenomenon known as linewidth narrowing
[25, 33]. We expect a pumped atom laser to behave fundamentally differently from
an unpumped condensate. The model is based on the model presented by Kneer et
al. [28]. A thermal cloud surrounds the condensate, and atoms in the cloud undergo
a stimulated irreversible process where they are transferred into the condensate at
a rate ΓpNuNa, where Nu is the number of atoms in the thermal cloud, and Na
is the number of atoms in the condensate. Possible mechanisms for this include
evaporative cooling [16] and optical dark-state cooling [17]. To replenish this loss,
atoms are injected into the cloud at a constant rate R. Atoms are also lost from
the thermal cloud due to one-body loss at the rate γuNu. This gives the equation
for the number of atoms in the thermal cloud
dNu
dt
= R − γuNu − ΓpNuNa (2.16)
with
Na =
∫ ∞
−∞
|ψa|2dx
We can describe the gain in our system by adding a gain term to our Gross-Pitaevskii
equation
i~
dψa(r)
dt
=
(
H0(r) + U0|ψa(r)|2
)
ψa(r) + Hˆgainψa(r) (2.17)
Hˆgainψa ≡1
2
i~ΓpNuψa (2.18)
It is important to note that this model is used because of its simplicity, but a
pumping scheme that mimics this model has not yet been realised experimentally.
A possible way to give an equivalent result is to start with a large number of atoms
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in the thermal cloud, so that during the evaporative cooling process, a condensate
forms while there are still a large number of atoms in the thermal cloud. The evap-
oration point could be continually adjusted so that it mimics continually putting
atoms into the condensate. We have extended this model by describing the spa-
tial dependence of the density of the atoms in the thermal cloud. Our pumping
equations now have the form
dn
dt
=r − γun(x)− κp|ψ|2n(x) + λd
2n
dx2
n(x) (2.19)
r ≡R
L
κp ≡ ΓpL
where n is the number density of the thermal cloud, and L is the width of the
pumping region. The term proportional to the second derivative in the density is
included to describe diffusion of the atoms from areas of high density to areas of
low density, and λ is the effective diffusion coefficient. The corresponding gain term
in the Hamiltonian becomes
Hˆgainψ =
1
2
i~κpnψ (2.20)
2.4.4 The Raman outcoupling mechanism
To gain a useful output from our atom laser, we need a mechanism that will
enable the trapped atoms to reach the outside world while still allowing them to
maintain their coherence. This can be done using a Raman transition. An atom,
initially at rest in the hyperfine state mf = −1, absorbs a photon of momentum
~k1 taking the internal state of the atom up to a “virtual” energy level, where a
second laser, suitably tuned, causes stimulated emission of a photon of momentum
~k2, taking the atom down to the hyperfine state mf = 0, which is an untrapped
state. The atom will acquire a momentum kick of ~(k2 − k1) (Figure 2.1). The
process is reversible; atoms in the untrapped state can be coupled back into the
trapped state.
2.4.5 A summary of the complete one-dimensional model
Our model includes a trapped condensate that experiences one-body and two-
body loss, as well as atom-atom repulsive interactions, a mechanism that couples
the atoms to an untrapped state, which experiences a gravitational potential, and a
thermal cloud of atoms that acts as a source of gain. The complete set of equations
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Figure 2.1: The Raman Outcoupling mechanism. The two Raman laser beams
transfer the internal state of the atom from a trapped to an untrapped state,
and give it a momentum kick of ~(k1 − k2)
for the system are
i~
dψa
dt
=− ~
2
2M
d2ψa
dx2
+
1
2
Mω2trapx
2ψa + Ua|ψa|2ψa + Uab|ψb|2ψa (2.21)
− i~γ2|ψa|2ψa − i~γab|ψb|2ψa − i~γ1ψa + ~κReikxψb + i~
2
κpnψa
i~
dψb
dt
=− ~
2
2M
d2ψb
dx2
+Mgxψb + Ub|ψb|2ψb + Uab|ψa|2ψb (2.22)
− i~γ2B|ψb|2ψb − i~γab|ψa|2ψb − i~γ1ψb + ~κRe−ikxψa (2.23)
dn
dt
=r − γun(x)− κp|ψ|2n(x) + λd
2n
dx2
n(x)
where ψa and ψb are the macroscopic wavefunctions for the trapped and untrapped
states respectively. Ua and Ub are the elastic scattering coefficients for the trapped
and untrapped states respectively, and Uab is the coefficient for interactions between
the trapped and untrapped states. γ1 is the one-body loss coefficient, γ2 is the two-
body loss coefficient, and γab represents the loss due to two-body inelastic collisions
between atoms in different electronic states. κR is the Raman coupling coefficient,
and the e−ikx and eikx factors represent the momentum kick acquired during the
Raman transition. In the next chapter, we will solve these equations numerically to
investigate the stability of the atom laser model.
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Figure 2.2: Schematic representation of our atom laser model. Atoms are
continuously loaded into a thermal cloud (n), which undergo a stimulated
irreversible transition to the lasing mode (ψa). Atoms in the lasing mode are
coupled to an untrapped state (ψb) which is free to fall under the influence of
gravity. The coupling process also imparts a momentum kick on the atoms
in the same direction as gravity. Atoms can be lost from the thermal cloud
as well as from the lasing mode and output beam.
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CHAPTER 3
Stability of the atom laser model
3.1 Overview of this chapter
In this chapter we investigate the behaviour of the atom laser model, and discuss
the role of pumping on the behaviour of the atom laser.
3.2 Introduction
It is a well known result that increasing the pumping of an optical laser reduces
the noise [34], and it has been demonstrated theoretically that this is also true for an
atom laser [19]. It is important now to clarify exactly what we mean by “noise”. The
amplitude of an optical laser fluctuates due to noise that can be divided into three
categories, namely quantum mechanical noise, technical noise, and deterministic
noise. The quantum mechanical noise can be interpreted as a consequence of the
uncertainty relations. The quantum fluctuations are suppressed by increased gain,
which drives the laser closer to saturation, suppressing spontaneous processes. A
fully quantum mechanical model is required to account for quantum noise. Technical
noise is due to mechanical and thermal effects such as vibrating optical components.
The third type of noise is not a truly random source of noise; it is complex behaviour
due to multi-mode effects in an idealised semiclassical model. This is the type of
behaviour our semiclassical atom laser model will describe.
In an optical laser the presence of multiple cavity spectral modes have two con-
sequences. The output will not be monochromatic, and the multiple spectral modes
will cause ‘beating’ in the intensity of the laser beam. Our atom laser model has
additional complexities, as the system is nonlinear so the multiple spectral modes
interact with each other. In this chapter we are not examining the linewidth of the
output beam, but we are looking at its amplitude, and any amplitude fluctuations
are due to multiple modes being present in the system. In an optical laser the
multiple modes are suppressed due to gain competition, with increased pumping
favouring the growth of the most populated mode. Likewise, in our atom laser
model, we expect increased pumping to decrease the amplitude fluctuations.
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3.3 Numerical Results
We investigate the behaviour of our system by numerically integrating the system
of equations
i~
dψa
dt
=− ~
2
2M
d2ψa
dx2
+
1
2
Mω2trapx
2ψa + Ua|ψa|2ψa + Uab|ψb|2ψa (3.1)
− i~γ2|ψa|2ψa − i~γab|ψb|2ψa − i~γ1ψa + ~κReikxψb + i~
2
κpnψa
i~
dψb
dt
=− ~
2
2M
d2ψb
dx2
+Mgxψb + Ub|ψb|2ψb + Uab|ψa|2ψb (3.2)
− i~γ2B|ψb|2ψb − i~γab|ψa|2ψb − i~γ1ψb + ~κRe−ikxψa
dn
dt
=r − γun(x)− κp|ψ|2n(x) + λd
2n
dx2
n(x) (3.3)
with all symbols defined in the previous chapter. We have made our system one
dimensional by assuming a cross sectional area and dividing through to make all
parameters of the appropriate dimensions. We use the atomic properties and loss
rates for 85Rb near Feshbach resonance, [18] (after converting to one dimension):
M = 1.4× 10−25kg, γ1 = 7.0× 10−3s−1, γ2 = 1.7× 10−8ms−1, γ2B = 3.3× 10−9ms−1,
γab = 8.5 × 10−9ms−1, Ua = 1.6 × 10−39Jm. The interatomic interactions between
different Zeeman levels are unknown for 85Rb, so we assume: Ub = Ua = 2Uab, a
choice which has negligible effect on the results of this work. The trapping fre-
quency ωtrap can be adjusted easily in a real experiment by changing the magnetic
field gradient, and the outcoupling coefficient, κR, and the momentum kick, k, can
be adjusted by altering the strength and orientation of the Raman lasers. We have
chosen ω = 50 rad s−1, κR = 300 s
−1, and |k| = 106 m−1 as realistic values, and
chosen the direction of k to point straight down. The model for the pumping mecha-
nism is an idealised one, and so the parameters γp, κp, and λ were chosen arbitrarily
to be γp = 5s
−1, κp = 6.3 × 10−4 ms−1, λ = 0.01 m2s−1. However, investigation
of this parameter space shows that this has no real effect on the behaviour of the
atom laser. The only crucial parameter is the pumping rate r, with κp and γp de-
termining how quickly the atoms get into the condensate, but having no effect on
the steady state number in the condensate. λ governs how ‘flat’ the density profile
of the pump field will be, and was chosen to produce a density profile that is almost
uniform across the condensate, with any ‘holes’ quickly being filled in.
To mimic an optical laser, the initial condition is chosen such that n(x) = 0
and ψb(x) = 0, and since there is no spontaneous process in our model, we need
a non zero ψa to start the condensate growth. We choose the initial seed to be
normalised to one atom in the ground state of the trap. Figure 3.1 shows the
growth of the population of all fields. The uncondensed fraction (Nu) grows rapidly
at first, and is then clamped by the growth of the condensate (Na) which reaches a
steady state due to the two-body loss. The number in the output beam (NB) grows
proportionally to Na. Figure 3.2 shows the final density profiles of the condensate,
output beam, and uncondensed fraction. The density profile of the condensate
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Figure 3.1: (A) The occupation numbers of the condensate (blue), output
beam (red) and the pump field (green) for R = 105 atoms/s (r = RL , where L
is the width of the pumping region). (B) The occupation of the output beam
plotted against the occupation of the lasing mode. The system is spiralling
inwards indicating that it is heading towards a steady state.
approximates the Thomas-Fermi solution to the Gross-Pitaevskii equation, |ψa|2 =
µ−0.5Mω2trapx
2
U0
, obtained by assuming that the kinetic energy is small compared to
the total energy.
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Figure 3.2: Density profile of the condensate (blue) output beam (red) and
pump field (green) after 2 seconds as it approaches steady state. The density
of the output beam has been multiplied by 50, and the pump field by 5000,
in order to plot them on the same scale. The output beam dips sharply at
the left hand side of the grid, because an absorbing boundary is placed there
to prevent reflections from the boundary causing interference.
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3.3.1 Effect of pumping on the stability of the atom laser
The main property of interest of the atom laser is the flux from the output beam.
The flux should be monochromatic, and the amplitude fluctuations should be small.
In this section, we will investigate how pumping affects the amplitude fluctuations
of the output beam. We will look at the density of the output beam at a fixed point
versus time, which is proportional to the flux, the constant of proportionality being
the particle velocity. Figure (3.3) shows the flux for different pumping rates, and
the spectra.
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Figure 3.3: Density of the output beam at a point below the trapped region,
as a function of time, for R = 106 atoms/s (blue), R = 105 atoms/s (green),
R = 104 atoms/s (black), and R = 500 atoms/s (red). The density is directly
proportional to the flux, the constant of proportionality is the particle veloc-
ity. Power spectrum (in arbitrary units) of the output flux is obtained from
the flux after the initial 0.4 seconds.
The behaviour is as we expect, with the increased pumping rates suppress-
ing other modes through gain competition. The dominant mode of oscillation is
the breathing mode, which is caused by the system being in a superposition of
the ground state and the second excited state. The frequencies resemble the even
Thomas-Fermi eigenfrequencies ωtrap
√
n(n + 1)/2, (n even) [28, 19], except for the
case with the lowest pumping, where the frequencies are closer to the even harmonic
oscillator eigenfrequencies nωtrap. The case with the lowest pumping actually be-
comes unstable, because the pumping is not sufficient to suppress the higher modes,
and they are growing at the expense of the ground state. Figure 3.4 shows the evo-
lution of the density profile of the condensate for this case. It is clearly seen that
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the excited states are growing as time increases.
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Figure 3.4: Density profile of the condensate for R = 500 atoms/s after, 0.2
s (blue), 0.8 s (green), 1.4 s (black), 2 s (red)
3.3.2 Turning off the nonlinearities
We have seen that the fluctuations in the atom laser flux are due to multiple
modes being present, and that increased pumping suppresses the amplitude fluctu-
ations via gain competition. One might expect that by turning off the atom-atom
repulsion, which acts as a nonlinearity coupling individual modes, the atom laser
would become more stable. In practice, this has been done in BECs by applying
magnetic fields to the condensate near a Feshbach resonance [18]. However, the
atom-atom repulsion is not the only interaction between separate modes; the two-
body loss, and the output coupling both serve as a spatially dependent form of loss
that will couple into other modes. This means that even if the system is initially
entirely in a single mode, it will still require gain competition to suppress multi-
mode behaviour. Figure 3.5 shows the output flux of the atom laser for the same
parameters, except with Ua = Ub = Uab = 0, and κR = 10 s
−1. The laser flux in the
case of low pumping is oscillating, and the oscillations grow with time, indicating
that the system will not find a steady state. In contrast to the nonlinear case, when
the pumping is increased, the fluctuations become much larger, and the system is
clearly unstable.
21
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0
200
400
600
800
1000
1200
1400
Flux of atom laser output beam
D
e
n
si
ty
 
(at
o
m
s/
m
)
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0
0.5
1
1.5
2
x 104
time (seconds)
D
e
n
si
ty
 
(at
o
m
s/
m
)
Figure 3.5: Density of the output beam at a point below the trapped region,
as a function of time, for R = 105 atoms/s (blue), R = 106 atoms/s (red),
with Ua = Ub = Uab = 0. The reduced Raman coefficient (κR) is required
because the reduced condensate width causes the build up of a ground state.
3.4 Conclusion
We have seen that the atom laser model displays complex multi-mode behaviour,
and that increased pumping suppresses this behaviour, mimicking gain competition
in an optical laser. We found however, that this was not true when the atom-atom
repulsion is switched off. This is somewhat counterintuitive, as we might expect an
atom laser to behave most like an optical laser when the nonlinear interactions are
minimal, as they are in an optical laser. In the next chapter, we investigate the
cause of this instability.
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CHAPTER 4
Analysis of the Atom Laser Instability
4.1 Overview of this chapter
In this chapter, we show why a pumped atom laser with no atom-atom repulsion
is unstable, by expanding the condensate wavefunction into the basis of harmonic
oscillator eigenstates. We then investigate how the atom-atom repulsion makes the
nonlinear system stable.
4.2 Introduction
A Bose-Einstein condensate is subject to a trapping potential, and is also subject
to two-body interactions making it a nonlinear system. The atom-atom interactions
are adjustable, and can even be made to change sign or turn off all together, by
applying magnetic fields of varying strength to the condensate (see for example
[18]). The point at which the atoms combine to form molecules is the Feshbach
resonance, and the strength of the atom-atom interactions varies sharply either side
of this point. One interesting recent application of this effect is the Boseanova,
where a condensate is formed with repulsive atom-atom interactions, and then the
magnetic field is varied to make the interactions attractive, causing the condensate
to explode in a way reminiscent of a supernova [35]. Since the effect of atom-atom
repulsion is adjustable by applying magnetic fields or adjusting the trap strength,
it is worthwhile investigating the effect that they will have on the noise of an atom
laser, and possibly find an ideal parameter regime for an experimental atom laser.
One might expect that the atom laser would behave most like an ideal optical laser
when the two-body interactions are minimal, because this is the case for photons in
an optical laser. However, it was observed in the previous chapter that this is not
the case, and that an atom laser with no atom-atom repulsion is unstable and never
finds a steady state. This means that an atom laser with mode-inselective pumping
will have to operate in a regime with positive nonlinear interactions. Nonlinear
effects are expected to increase quantum noise via Kerr-like dephasing of the lasing
mode [36], and will induce a fundamental limit to the linewidth of the atom laser
beam. In this chapter, we will investigate how the two-body interactions affect
the semi-classical dynamics of a pumped and damped atom laser, by analytically
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investigating the behaviour of a pumped and damped Bose-Einstein condensate.
A Bose-Einstein condensate in one-dimension, trapped in a harmonic potential,
is well described by the Gross-Pitaevskii equation
i~
dψ(x)
dt
= (Tˆ + V (x) + U0|ψ|2)ψ (4.1)
where
Tˆ = − ~
2
2M
d2
dx2
(4.2)
V (x) =
1
2
Mω2trapx
2 (4.3)
and
U0 =
4pi~2a
M
(4.4)
where ψ is the macroscopic wave function for the condensate, Tˆ is the kinetic energy
operator, V (x) is the trapping potential, and a is the scattering length, which
is highly tunable by applying magnetic fields to the condensate [18]. When a is
positive it acts as a repulsive nonlinear potential, and when it is negative it acts
as an attractive nonlinear potential. When a = 0, the equation is linear, and is
mathematically identical to the quantum harmonic oscillator equation.
4.3 Analytical treatment of the linear pumped and damped
condensate
We cannot deal with the full multi-mode dynamics of the condensate and output
beam analytically, so we will ignore the effect of the output beam on the condensate
for this section, and show that a pumped and damped Bose-Einstein condensate
with no atom-atom repulsion is unstable. Our numerical simulations showed that
the dynamics of the output beam closely resembled that of the condensate, and that
the output beam had only a very small effect on the dynamics of the condensate.
We expect that the stability of an atom laser will mimic the stability of a pumped
and damped condensate. Adding pumping as well as one-body and two-body loss
to our system as in the previous chapter, and choosing U0 = 0 gives the set of
equations
i~
dψ(x)
dt
= (Tˆ + V )ψ − i~γ1ψ − i~γ2|ψ|2ψ + i
2
~ΓpNuψ (4.5)
dNu
dt
= R− γuNu − ΓpNuNa (4.6)
where Nu denotes the number of atoms in the thermal cloud, and Na is the total
number of atoms in the condensate. We have integrated out the spatial dependence
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of the pump field by assuming a density profile of the form
n =
Nu
L
for − L/2 < x < L/2 (4.7)
n = 0 otherwise.
Figure 4.1 shows the density of the condensate at x = 0, over a period of 2 seconds.
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Figure 4.1: Density of the condensate at x = 0 (solved numerically in the
position basis) versus time for a = 0, with r = 105 atoms/s (blue) and r = 106
atoms/s (red). Other parameters are γ1 = 1.7× 10−8 ms−1, γ2 = 3.3 × 10−9
ms−1, γu = 5s
−1, and κp = 6.3 × 10−4ms−1. Spectral power is in arbitrary
units and is obtained after the initial 0.4 seconds.
The oscillations increase in amplitude as the amount of atoms in the excited state
grows. As time increases, an oscillation at twice the frequency becomes noticeable.
The power spectrum shows that the frequencies present are all multiples of twice
the trapping frequency. Unlike the nonlinear atom laser, the system is less stable
the harder it is pumped.
To understand why this system is unstable, we will look at the system in the
spatial mode representation. We can, without losing any information, expand the
wavefunction into the basis of harmonic oscillator eigenfunctions, which are the
eigenstates of the system.
ψ(x, t) =
∞∑
m=0
cm(t)φm(x) (4.8)
φn = (
Mω
pi~
)1/4
1√
2nn!
Hn(z)e
−z2/2 (4.9)
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where z =
√
Mωtrap
~
x, Hn(z) are the Hermite polynomials [37] and φm(x) are the
harmonic oscillator eigenstates ((Tˆ + V )φn = Enφn). We interpret |cm|2 as the
number of atoms in modem. Substituting Eq(4.9) into Eq(4.5) and dividing through
by i~ gives
ψ˙ = −i/~(Tˆ + V )
∞∑
m=0
cmφm + (
1
2
ΓpNu − γ1)
∞∑
m=0
cmφm − γ2
∞∑
i=0
∞∑
j=0
∞∑
k=0
c∗i cjckφ
∗
iφjφk
(4.10)
dNu
dt
= R− γuNu − ΓpNu
∞∑
m=0
|cm|2 (4.11)
Taking the inner product with φn(x), and exploiting the orthonormality of φn gives
c˙n = − i
~
Encn + (
1
2
ΓpNu − γ1)cn − γ2
∞∑
i=0
∞∑
j=0
∞∑
k=0
c∗i cjckInijk (4.12)
En = (n+
1
2
)~ωtrap (4.13)
where Inijk =
∫ ∞
−∞
φ∗nφ
∗
iφjφkdx and En is the energy of mode n. We now have an
infinite set of ordinary differential equations with no x dependence to replace our
partial differential equation. The off-diagonal elements of Inijk are zero if n+i+j+k
is odd, and non-zero if n + i + j + k is even. We notice that the equations are not
independent; they are coupled together by the 2-body loss term (there will only be
coupling between states of the same parity).
We can get a better understanding of what is going on by transferring Eq(4.12)
to a rotating frame.
bn = cne
i En
~
t (4.14)
with |bn|2 = |cn|2 equal to the number of atoms in mode n. The off-diagonal
elements of Inijk are small compared to the diagonal elements, so for the purpose of
determining the steady state populations, we can approximate Eq(4.12) as
c˙n ≈ − i
~
Encn + (
1
2
ΓpNu − γ1)cn − γ2Innnn|cn|2cn (4.15)
using Eq(4.14) in Eq(4.15) gives
b˙n ≈ (1
2
ΓpNu − γ1)bn − γ2Innnn|bn|2bn (4.16)
The solution to Eq(4.16) will grow until it is clamped by the 2-body loss term. The
steady state population will be when |bn|2 =
1
2
ΓpNu−γ1
γ2Innnn
. Table 4.17 gives the values
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of the first few of the diagonal elements of Inijk.
I0000 =
1
2
β = 0.5β I1111 =
3
8
β = 0.375β
I2222 =
41
128
β = 0.320β I3333 =
147
512
β = 0.287β
I4444 =
8649
32768
β = 0.264β I5555 =
32307
131072
β = 0.244β
β =
√
(2Mωtrap
pi~
) (4.17)
Innnn decreases as n increases, so there is less loss from the excited modes than
there is from the ground state, and the steady state value of bn will increase with
increasing n. This phenomenon would also be true for a system that is dominated
by 3-body loss, as the loss from each mode would decrease more rapidly with n
than the 2-body case, due to the |φn|6 dependence in the integrals. The depletable
pumping mechanism means that the modes will not all grow to a steady state; there
will be competition between the modes. Since they are all subject to the same rate
of gain, the mode with the least loss will eventually dominate. We have neglected
the off-diagonal terms, which will have only a very small effect on the dynamics of
each mode, but one of their effects will be to create a small amount of coupling
between the modes. This is crucial to the behaviour of the system, because even if
we start with our system entirely in the ground state, the coupling will ‘seed’ the
higher modes, which will then grow according to Eq(4.16), so the system will never
find a steady state. The requirement that n + i + j + k be even means that the
system will only couple into even modes if the initial state is even (as the ground
state is). The growth of the excited states can be illustrated by truncating Eq(4.12)
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Figure 4.2: Number of atoms in mode 0 (blue) and mode 2 (red) with r = 105
atoms/s. Only modes 0 and 2 were considerd in this simulation.
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and solving for the individual mode coefficients numerically. This was done using
only the modes n = 0, and n = 2. Figure 4.2 shows the number of atoms in mode
0 (blue) and mode 2 (red). The initial condition is chosen such that the system is
entirely in mode 0. The loss then causes coupling into mode 2, which grows at the
expense of mode 0, because it is subject to less loss. The mode competition is a
result of the depletable pumping mechanism. If higher modes were added to the
simulation, they would eventually overtake mode 2, as they experience less loss as
well. It is easy to see why the density of the condensate at a point oscillates when
it is in a superposition of two modes.
|ψ|2 = |c0(t)φ0(x) + c2(t)φ2(x)|2
= |b0(t)φ0(x)e
−iE0t
~ + b2(t)φ2(x)e
−iE2t
~ |2
= |b0|2|φ0|2 + |b2|2|φ2|2 + b∗0b2φ0φ2e
−i(E2−E0)t
~ + b0b
∗
2φ0φ2e
i(E2−E0)t
~
= |b0|2|φ0|2 + |b2|2|φ2|2 + 2b0b2φ0φ2 cos((E2 − E0)
~
t) (4.18)
Because there are an infinite number of modes, the system will never find a steady
state, as it will continue to couple into higher modes, which are subject to less loss.
4.4 What makes the nonlinear system stable?
In the previous chapter, we saw that the atom laser with nonlinear interactions
was stable, but the linear system was unstable. In this section, we will investigate
why there is a transition from stable behaviour to unstable behaviour. Eq(4.12) is
unstable because the effective loss from each mode γ2Innnn decreases as n increases.
This causes a preference for the excited states at the expense of the ground state.
For the system to be stable and remain in the ground state, I0000 must be smaller
than Innnn, n 6= 0. The linear system is unstable because the excited states are
more ‘spread out’ than the ground state, so are at a lower average density, and are
therefore subject to less loss.
The mode functions of Eq(4.12) are solutions to the time independent nonlinear
Schro¨dinger equation
(Tˆ + V )ψ + U0|ψ|2ψ = µψ (4.19)
with U0 = 0. We are now interested in the case where U0 > 0. We expect the shape
of the mode functions to depend on the strength of the two-body interactions, so the
effective loss from each mode in Eq(4.12) will also vary. To get the effective loss from
each mode, we replace the mode functions in Eq(4.3) with the solutions to Eq(4.19).
In the extreme case of large positive U0, the contribution to the energy due to the
kinetic energy is small compared to the potential energy and the atom-atom repul-
sion. In this case, known as the Thomas Fermi regime we can get an approximate
form for the wavefunction by neglecting the kinetic energy altogether. The ground
state solution to Eq(4.19) using this approximation is ψ =
√
µ−0.5Mω2trapx
2
U0
. Figure
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4.3 shows this wavefunction density profile plotted against the harmonic oscillator
ground state density profile, normalised to the same N , the total number of atoms
in the condensate. It is clear that the Thomas-Fermi solution is at a lower average
density, so is subject to less loss.
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Figure 4.3: |ψ|2 for the ground state Harmonic oscillator wave function (red)
and the Thomas-Fermi wavefunction (blue), for N = 104 atoms and a = 10−8
m
4.4.1 Weak nonlinearity
To see how varying U0 affects the loss from each mode, we shall look at the case
of small positive U0, and treat the nonlinear term as a perturbation to the linear
system. Denoting the nth mode of the linear system by φ0n, and the nth mode of
Eq(4.19) by φn, we have
φn = φ
0
n + φ
1
n (4.20)
where φ1n is the first order correction to the wavefunction given by time independent
perturbation theory
φ1n =
∞∑
m6=n
〈φ0m|U0|ψ|2|φ0n〉
E0n − E0m
φ0m (4.21)
ψ =
∞∑
n=0
cnφn
We can simplify Eq(4.21) by assuming that the occupation of the ground states
is large compared to the excited states, |c0|2  c2n, n 6= 0 and |c0|2 ≈ N , and
approximating ψ as c0φ
0
0. Using Eq(4.13) for En gives
φ1n =
U0N
~ω
∞∑
m6=n
〈φ0m||φ00|2|φ0n〉
n−m φ
0
m (4.22)
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Figure 4.4: |φ|2 for the ground state Harmonic oscillator wave function (red)
and the perturbed wavefunction (blue), for U0N = 9 × 10−6 Jm, and the
perturbed wavefunction (blue), and for U0N = 2.5 × 10−5 Jm (green). The
(green) wavefunction is unphysical because the nonlinear interaction has be-
come too large to treat as a perturbation. (Series truncated at 30 modes).
φn must be normalised to be useful to us. The normalisation is straightforward.
φn = A(φ
0
n + φ
1
n)
then
A =
1√
1 + 2
∫ ∞
−∞
φ0nφ
1
ndx+
∫ ∞
−∞
|φ1n|2dx
It is important to note that this wavefunction is only correct to 1st order, and
is only valid for small values of U0N . Figure 4.4 shows the density profile of the
ground state for U0 = 0, and U0N = 9 × 10−6 Jm, and an unphysical result of
the perturbation breaking down. Innnn ≡
∫ ∞
−∞
A4(φ0n + φ
1
n)
4dx will have the form
a0+a1U0N+a2(U0N)2+a3(U0N)3+a4(U0N)4
(1+a5U0N+a6(U0N)2)2
, with the ai’s determined by the appropriate in-
tegral of the form
∫ ∞
−∞
(φ0n)
ν(φ1n)
4−νdx, ν ≥ 0. Figure 4.5 shows I0000 plotted against
I2222, to demonstrate how the loss from the ground state decreases with U0N faster
than the loss from the 2nd excited state. When I0000 is larger than all other Innnn,
the system will be stable and remain in the ground state.
4.5 Conclusion
We have shown that a pumped and damped condensate with no two-body inter-
actions is unstable, because the loss causes a preference for the excited states. The
nonlinear interaction causes the ground state to be more ‘spread out’, and therefore
damped less strongly. For a sufficiently large scattering length, the ground state
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Figure 4.5: I0000 (blue) and I2222 (red) plotted against U0N . The loss from
mode 0 decreases faster than the loss from mode 2, so we expect them to
eventually cross, in which case the 2nd excited state will be damped relative
to the ground state. The point where they cross cannot be found with this
method, because the perturbation breaks down.
will be damped less than the excited states. However, we cannot predict when the
system will become stable analytically, because the strength of interaction needed
is inaccessible using first order perturbation theory, and a numerical simulation will
be required to find when the system will become stable. In the next chapter we
numerically investigate the instability and classify its behaviour.
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CHAPTER 5
Numerical investigation and classification
of the atom laser instability
5.1 Overview of this chapter
In this chapter we numerically investigate the effect of varying the repulsive
two-body interactions in an atom laser and find a critical value for the scattering
length, above which the system becomes stable.
5.2 Introduction
With large two-body repulsive interactions present, the analytical description of
the previous chapter cannot describe the dynamics of the atom laser, and a numer-
ical analysis is required. We saw in the previous chapter that two-body repulsive
interactions will be required to make a continuously pumped atom laser stable, but
it is not known how strong the two-body interactions need to be to stabilise the
system. As the interactions between the atoms become dominant, the modes of the
system take on a different spatial shape, and the excited modes may become more
damped than the ground state, making the system stable. Hence we expect there to
be a critical scattering length for which the atom laser moves from being unstable
to stable. Since the scattering length is highly adjustable, it is worthwhile investi-
gating how varying it affects the dynamics of an atom laser, and possibly find an
ideal operating regime. It is expected that the nonlinear interactions will increase
the quantum noise, so the ideal operating regime will possibly be just above the
critical scattering length. Since the strength of the nonlinear interactions depends
on the density, we expect the critical scattering length to be dependent on the trap
strength and the pump rate.
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5.3 Numerical treatment of nonlinear pumped and damped
condensate
We have seen from Chapter 3 that the atom laser is stable in the case of large
positive scattering length and high pump rate. We therefore expect that there is a
critical scattering length where the behaviour of the atom laser moves from unstable
to stable. As the repulsive interaction strength scales with density, we expect the
critical scattering length to be dependent on R, the pump rate, as well as ωtrap,
the longitudinal trapping frequency. We found that the semiclassical dynamics of
the output beam followed the dynamics of the condensate. For the range of output
coupling rates considered, the condensate dynamics are only weakly affected by the
output coupled beam. Hence, in order to reduce computational load, we ignored
the output coupling in our analysis of the stability. Using this approximation, the
system of equations that describe the condensate are
i~
dψ(x)
dt
= (Tˆ + V + U0|ψ|2)ψ − i~γ1ψ − i~γ2|ψ|2ψ + i~
2
ΓpNuψ,
dNu
dt
= R− γuNu − ΓpNuNa (5.1)
This system of equations was solved numerically for different values of R and a,
keeping all other parameters constant. We examined density at a point in the
centre of the condensate as a function of time to determine whether the system
displayed stable or unstable behaviour.
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Figure 5.1: Density of condensate (lasing mode) at x=0 versus time, for
a = 6× 10−8m for R = 105 atoms/s (blue) and R = 106 atoms/s (red)
5.3.1 Different types of stability
We saw in Chapter 4 that the set of equations (5.1) was unstable with a = 0,
with the breathing mode of oscillation undamped, and grows more rapidly in the
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case of high pumping. We expect that the nonlinear interaction should change the
spatial shape of the excited modes, causing them to be more damped than the
ground state. For mode-insensitive pumping this would lead to a preference for the
ground state, thus ensuring that the system is stable. Figure 5.1 shows the density
oscillations of the condensate for a = 6×10−8m, for pump rates of R = 106s−1 (red)
and 105s−1 (blue). It is clearly seen that the breathing mode is damped in both
cases, but is damped more strongly in the case of higher pumping, in contrast to the
linear system. We expect there to be a critical a at which the behaviour goes from
the first type of behaviour to the second. However, Figure 5.2 shows intermediate
types of behaviour, where the breathing mode is damped, but the higher modes of
oscillation grow without bound. This behaviour will become unstable, even though
over short time scales it appears to be stable. The spectrum shows a smooth tran-
sition from the even harmonic oscillator eigenfrequencies (Ω = nωtrap, n even), for
the lowest scattering length, to the even Thomas-Fermi eigenfrequencies [19] [28]
(Ω = ωtrap
√
n(n+ 1)/2, n even) for the highest scattering length. We found it
convenient to classify the behaviour into three categories:
Type I: Stable, all modes damped.
Type II: Breathing mode damped, but higher modes undamped.
Type III: All modes undamped.
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Figure 5.2: Time series and power spectra of the lasing mode central density
(x=0) for R = 105 atoms/s and (i) a = 10−11m (red), (ii) a = 5 × 10−10m
(green) (iii) a = 10−9m (black) and (iv) a = 10−8 m (blue). Spectral power
is in arbitrary units and is obtained from the time series after the initial 0.4
seconds.
Figure 5.3 shows the type of behaviour found for different values of R and a.
In the case of R = 106 atoms/s, the high pumping rate made it difficult to solve
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for the intermediate behaviour numerically, because the high frequency oscillations
produce numerical instabilities.
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Figure 5.3: Atom laser stability in pumping rate and scattering length param-
eter space. Cases which we have determined to be in the stable region (Type
I) are shown as blue squares, Type II systems are shown as black circles, and
Type III systems are shown as red stars. The bold lines separate the stability
regions.
5.4 Conclusion
We have shown that a semiclassical atom laser becomes stable above a critical
scattering length for a given pump rate. This is because the excited states are in-
creasingly damped as the repulsive interactions begin to dominate, otherwise they
are more weakly damped than the ground state. This result is not affected by
the output coupling, but could possibly be controlled by a highly mode selective
pumping mechanism. The semiclassical stability of the pumped condensate is al-
most purely determined by the pumping rate and scattering length, as these two
parameters control the strength of the repulsive mean field interactions. Due to the
opposite scaling of semiclassical and quantum noise, we expect the atom laser to
have a minimum linewidth at an optimum scattering length. In the next chapter,
we investigate whether the atom laser with no repulsive interactions can be made
stable by including a mode-selective pumping mechanism.
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CHAPTER 6
Mode-selective pumping in a linear atom
laser
6.1 Overview of this chapter
In this chapter we introduce a mode-selective pumping mechanism and investi-
gate its effect on the stability of the linear atom laser system.
6.2 Introduction
We have seen that in order for our atom laser model to reach a stable steady
state, a minimum positive scattering length is required, and the linear system that
most resembles an optical laser is unstable. To produce an atom laser with a mini-
mum linewidth, the nonlinearities will also need to be minimum. The full quantum
field model of the atom laser has numerical instabilities associated with large non-
linearities, so will be computationally less demanding when the nonlinearities are
small [38]. To develop a numerically stable full quantum field theory of the atom
laser, it may be possible to include a mode-selective pumping mechanism, which
would make the atom laser stable without large repulsive interactions.
The spectral modes of an optical laser do not interact, but compete for the gain.
When the laser is pumped hard enough, one mode will always be favoured, and grow
at the expense of other modes. The modes are subject to loss that is linear, and equal
for each mode. One mode is favoured, because there is unequal gain in each mode,
and the mode at the maximum of the ‘gain envelope’ becomes the dominant mode.
Our linear atom laser is unstable because the gain envelope is flat, and our loss from
each mode has no minimum but rather continues to decrease for increasingly excited
modes. By introducing a mode-selective pumping mechanism it may be possible for
our system to reach a steady state, as the net gain (gain minus loss) in one mode will
be greater than all other modes, and it will eventually become the dominant mode.
We do this by introducing a spatially dependent coupling coefficient between the
pump reservoir and the lasing mode. This will cause more gain at the center of the
condensate than at the edge, and therefore pump the ground state more strongly
than the excited modes.
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6.3 The spatially dependent pumping mechanism
To test the effectiveness of a spatially dependent pumping mechanism, we neglect
the output beam as in the previous chapter, and include the spatially dependent
pump field of Chapters 2 and 3. We replace the pump reservoir/lasing mode coupling
coefficient κp with
κ(x) ≡ κpe
−Mωpx
2
~ (6.1)
where ωp defines the width of the Gaussian coupling profile. We found it convenient
to write the Gaussian coupling profile in this form as it suggests a form similar to
the ground state density profile of the condensate, with the FWHM (full width at
half maximum) related to ωp by FWHM =
√
~ ln(2)
Mωp
. The set of equations describing
the system becomes
i~
dψ
dt
=(Tˆ + V )ψ − i~γ2|ψ|2ψ − i~γ1ψ + i~
2
κ(x)n(x)ψ (6.2)
dn
dt
=r − γun(x)− κ(x)|ψ|2n(x) + λd
2n
dx2
n(x)
We can get a feel for how this system will behave by expanding into the basis of
harmonic oscillator eigenstates and taking the inner product with φn(x). If we
assume n(x) is roughly flat compared to φi(x) and κ(x), we get
c˙n = − i
~
Encn +
1
2L
Nu
∑
m
κmncm − γ1cn − γ2
∑
i
∑
j
∑
k
c∗i cjckInijk (6.3)
where κmn ≡
∫ ∞
−∞
φ∗nκ(x)φmdx. Even when we set ωp = ωtrap (ie. κ(x) = |φ0|2),
there is a finite overlap between modes and κmn is non zero for all m and n of the
same parity. This means that modes other than the ground state are pumped, and
there will also be coupling between the modes. However, for such a coupling profile
we expect the gain into the ground state to be larger than for the excited modes,
and may be large enough to ensure that the ground state experiences the maximum
net gain.
6.3.1 Numerical investigation of the spatially dependent pumping
mechanism
It is not known how narrow (if at all) the spatially dependent coupling coefficient
could be made experimentally, so we will investigate how narrow κ(x) has to be to
produce a stable atom laser in the ground state. It may be possible by making κ(x)
broader, or possibly some shape other than Gaussian, to produce a stable lasing
mode that is in a pure state other than the ground state. However, for a Gaussian
coupling profile, we found that for each stable excited state, there was a very small
range of ωp, for which the system would remain in that state. A slight variation in
ωp would cause the system to find a steady state in a different excited state. It took
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a long time for the lasing mode to come to equilibrium in a pure excited state. We
considered these states impractical as they went through a very turbulent period
before reaching a pure steady state, and a small perturbation would be enough to
knock the system off equilibrium.
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Figure 6.1: Time taken for density oscillations at the centre of the lasing
mode to be damped to 1 % of their initial amplitude (damping time) for
R = 106 atoms s−1 (blue squares) and R = 105 atoms s−1 (red circles). Only
cases that were classed as stable were included in this plot. The dashed lines
indicate the the critical value of
√
1
ωp
for each pumping rate, above which the
system was found to be unstable. The damping time is plotted against
√
1
ωp
,
as this parameter is directly proportional to the FWHM.
We solved Eq (6.2) numerically for different values of ωp, and investigated
whether each case came to a stable equilibrium in the ground state. We found
a smaller ωp caused the system to take longer to reach equilibrium. Figure 6.1
shows how long each case took for the breathing mode oscillations to be damped
to one percent of their initial magnitude. It can be seen that higher pumping re-
quired a larger ωp to remain stable, but took less time to reach equilibrium. Figure
6.2 shows the critical value of ωp required to keep the system stable for different
pumping rates.
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Figure 6.2: Critical ωp versus pump rate. The critical ωp is the minimum
value required for the system to be stable in the ground state. Above this
value, the system is stable. Below this value, it does not reach a stable steady
state in the ground state. The top of each error bar indicates the lowest value
of ωp for which the system was determined to be stable. The bottom of each
error bar indicates the maximum ωp for which the system was determined to
be unstable.
6.4 Conclusion
The linear atom laser model can be made stable by introducing a spatially
dependent coupling mechanism between the pump reservoir and the lasing mode,
which acts as a mode-selective pumping mechanism. There are strict restrictions on
how broad this coupling envelope can be before the atom laser becomes unstable.
The critical width of the coupling envelope depends on the pumping rate.
A continuously pumped gain-narrowed atom laser will produce a source of atomic
matter waves far superior to any currently available. Stability is required in the
atom laser in order to display gain-narrowing. This thesis has shown a surprising
result, that an atom laser with minimal nonlinear interactions which most resem-
bles an ideal optical laser is unstable. Future work will include investigating the
fully quantum mechanical model using stochastic differential equations. In order to
demonstrate gain narrowing in the atom laser model, the results of this thesis will
have to be considered, as the atom laser must be stable. Lessons learnt from the
investigation of the fully quantum mechanical model of an atom laser will lead to
an understanding of what will be required experimentally produce a gain narrowed
atom laser.
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APPENDIX A
Numerical Methods
A.1 RK4IP algorithm
The research presented in this thesis relies heavily on numerical methods to
obtain solutions to our partial differential equations. Our numerical solutions are
generated using a pseudo-spectral method with a Runge-Kutta time step. This
method, known as RK4IP has been developed by the BEC theory group of R.
Ballagh at the University of Otago. The algorithm is described in detail in [39]. We
implement this algorithm using a numerical package known as ‘XMDS’ [40]
Because the equations we solve in this thesis have no analytic solution, we must
be careful to ensure that our numerical solution is in fact valid. We verify that the
solutions generated by the algorithm are correct by testing it on equations with an
analytic solution, and comparing the numerical solution to the analytic one. Our
equations require the field to be discretised in the both the spatial and temporal
dimensions. To ensure our numerical solutions are correct, we compare our solution
to one obtained on a finer grid. When the two solutions agree (to within a given
tolerance), then we are satisfied our solution is accurate.
A.2 Numerical Tricks
A.2.1 The absorbing boundary
The standard methods for solving partial differential equations require periodic
boundary conditions. In our system we have the output beam accelerating under
the influence of gravity, but when the beam hits the end of the grid, it will either
reflect off the boundary, or be transimitted through the boundary and reappear at
the other end of the grid. Both of these effects will cause the beam to interfere
with our solution, making the solution unphysical. We get around this problem
by introducing an absorbing boundary. Our absorbing boundary has the form of a
complex potential, which attenuates any fields trying to propagate through it. This
complex potential must be ‘smooth’, as a complex wave will ‘bounce’ off a sharp
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potential. Adding the absorbing boundary to the Gross-Pitaevskii equation gives
i~
dψ(x)
dt
=
(
Tˆ + V (x)− iVabsorb(x) + U0|ψ(r)|2
)
ψ(x) (A.1)
where Vabsorb is the absorbing boundary. We found it convenient to use an absorbing
boundary of the form
Vabsorb = V0(1− cos(xmin−xw )) for x < xmin (A.2)
= 0 for xmin < x < xmax
= V0(1− cos(xmax−xw )) for x > xmin
where xmax and xmin define where the absorbing boundary begins, and w is a pa-
rameter that defines the width of the boundary. It is important that any region
that we consider in the solution is not inside the region of the absorbing boundary,
as it is un-physical.
A.2.2 Shifting momentum space
The momentum of a matter wave is related to its wavelength, with a shorter
wavelength meaning higher momentum. To numerically describe a wave with a
shorter wavelength, a finer spatial grid is required. Our ‘momentum grid’ is centred
on zero, and its maximum and minimum value is inversely proportional to the
spatial grid spacing. In our system, the output beam is given an initial momentum
kick of ~k, and then accelerates under the influence of gravity. Even if we only
require a narrow spread in momentum to describe our system, we still require a fine
spatial grid as the field has a short wavelength. This is because our momentum grid
is centred on zero, and our output beams momentum never crosses zero. We are
essentially wasting more than half our momentum grid. We developed a method
to ‘shift’ the momentum space of our field so the entire momentum grid can be
utilised, and we don’t require as fine a spatial grid. Figure A.1 shows the output
beam in k-space (k = p
~
) for an unshifted field (red), and the field after applying
our momentum space shift to it (blue). The momentum shift is obtained by making
the substitution for the untrapped field ψb = e
−ik0xφb. This transforms equations
(2.21) and (2.22) to
i~
dψa
dt
=− ~
2
2M
d2ψa
dx2
+
1
2
Mω2trapx
2ψa + Ua|ψa|2ψa + Uab|ψb|2ψa (A.3)
− i~γ2|ψa|2ψa − i~γab|ψb|2ψa − i~γ1ψa + ~κRei(k−k0)xφb + i~
2
κpnψa
i~
dφb
dt
=− ~
2
2M
d2φb
dx2
+
i~k0
M
dφb
dt
+
~
2
2M
k20φb +Mgxφb + Ub|φb|2φb + Uab|φa|2φb
− i~γ2B|φb|2φb − i~γab|φa|2φb − i~γ1φb + ~κRe−i(k−k0)xψa (A.4)
The field φb is shifted in momentum space by an amount ~k0.
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Figure A.1: The un-shifted field in momentum space (red), and after applying
the momentum shift to it (blue). The un-shifted field has minimum momen-
tum ~kkick, which is the momentum acquired from the Raman transition.
The shifted field has momentum shifted by an arbitary value ~k0.
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